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Computation of Acoustic Propagation
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Most aeroacoustic noise-prediction methods rely on an acoustic analogy featuring a propagation equation as-
sociated with source terms. These models were mainly applied to computation of acoustic far � elds radiated by
simple free � ows like jets. The assumption is made in many formulations that the radiated acoustic � eld is not
perturbed by the shear � ow giving rise to the noise sources. These acoustic analogies thus do not provide a full
description of acoustic/� ow interactions. The Lilley equation was introduced to account, to a certain extent, for
mean shear effects on propagation. More recently, this problem has been treated by making use of the linearized
Euler equations, which are more � exible and more adequate for numerical simulations. As several types of modes
are supported by the Euler equations, problems linked to their coupling have to be considered. It is then necessary
to investigate acoustic � eld computations in complex � ows. Our aim in the present article is to validate the wave
operator associated with linearized Euler equations. Numerical tests deal with propagation in two-dimensional
sheared ducted � ows. Results are compared with other solutions deduced from analyticaldevelopments and direct
numerical simulations. This study shows that the linearized Euler operator may be used to account for mean
effects on wave propagation in the presence of sheared ducted � ows. Processes that are speci� cally considered are
1) convection effects on axial disturbances, 2) refraction effects on obliquewave generation, and 3) source radiation
effects on propagation in sheared � ows.

Nomenclature
c0 = sound velocity
d = duct width
L = duct length
M = Mach number
M0 = duct centerline Mach number
p 0 , pa , pb = acoustic pressure, acoustic plane mode,

acoustic oblique mode
p0 = mean pressure
t , t 0 = reduced and dimensional times
u 0 , v 0 = acoustic velocity disturbances
u0, v0 = mean velocity
x , y, x 0 , y 0 = reduced and dimensional space coordinates
X , x 0 = reduced and dimensional angular frequencies

I. Introduction

C OMPUTATIONAL aeroacoustics (CAA) is a relatively new
discipline combining acoustics and computational � uid dy-

namics (CFD). WhereasCFD methodsareoftenused to solvespatial
(time-independent) problems, CAA adds the temporal dimension
requiringgreater computationalresources.Recent numerical devel-
opmentshave allowedgains in ef� ciency,and many dif� cultieshave
beenovercome.Standardacoustic theorieswere primarily linear,as-
suming that perturbations were monochromatic, and most studies
used uniform mean velocity, temperature,and sound speed pro� les.
These restrictions are not needed anymore. However, some prob-
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lems remain that are related to acoustic source-term identi� cation,
to possible coupling between unstable modes and acoustic waves
and to nonlinear interactionprocesses. In the following,we con� ne
our attention to mean shear effects on acoustic wave propagation.

Most formulationsof aeroacousticproblemsfeaturea wave equa-
tion associated with source terms. In the framework of Lighthill’s
analogy, the propagation is described by a standard wave equation
in a medium at rest, the second spatial derivative of the aerody-
namic stress tensor providing acoustic source terms. This leads to
an integral formulation of the sound � eld expressed in terms of
the free-spaceGreen’s function correspondingto the wave operator.
This analogy is well suited to free space radiation problems; never-
theless, it cannotaccountprecisely for mean � ow effects in complex
cases. Furthermore, in con� ned con� gurations this method may in-
volve numerical dif� culties as it requires an adaptation of Green’s
functions to the speci� c geometry. It is then more appropriateto use
the Euler equations to deal with acoustic/� ow interactions.1 The
problem may be treated in three steps:

1) The mean � ow is � rst determined (numerically) by solving the
time-averageNavier–Stokes equationsassociatedwith a turbulence
closure scheme like the k–² model.

2) Acoustic source terms related to the turbulent � uctuations are
then synthesized by stochastic techniques.2

3) Finally, the source terms are incorporatedin the right-handside
of the linearized Euler equations (LEE), which are solved in space
and time.

The work of Goldstein shows that the linearized Euler system is
equivalentto theLilley’s equationwhen the � owis simplystrati� ed.3

Now, bothformulations,LEE andLilley’s equation,supportacoustic
and convective (vortical) disturbances.Clearly there is a possibility
of coupling between these types of modes, and it is then logical to
inquire whether the LEE properly account for acoustic mean/� ow
interactions including convection and refraction effects.

The present paper deals with this issue in the case of con� ned
� ows. To allow simple interpretations, the geometry of the prob-
lem has been simpli� ed to the extreme. The purpose here is to
understand propagation processes and related energy transfer. The
cases under test are chosen to emphasize situations involving ex-
changesbetweenmean quantitiesand acousticmodes.Theyconcern
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interactions between monochromatic acoustic waves and fully de-
veloped subsonic mean � ow pro� les.

Acoustic wave propagation in con� ned sheared � ow was � rst
studied by Pridmore-Brown,4 who introducedand solved a second-
order linearized equation:
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where x 0 and y 0 designate dimensional space coordinatesand t 0 the
real time, using conventions of Wang and Kassoy.5 This equation
governspropagationin a � ow characterizedbya mean Machnumber
M =U /c and a density q 0. The � uid is strati� ed in the y direction,
and the � ow is adiabatic. Pressure perturbationsare isentropic and
related to density perturbations by p 0 =c2 q 0 . Equation (1) features
the velocity � uctuation v 0 , which is itself related to the pressure by
the linearized momentum equation. It is solved by semianalytical
techniques, and modal solutions are sought of the form

p(x 0 , y 0 , t 0 ) = F( j , y 0 ) exp[i ( j k0x 0 ¡ x t 0 )]

where F designates cross-stream eigenfunctions; j =c0 / vph is the
correspondingeigenvalue,and the referencewavenumber is de� ned
as k0 = x 0 /c. These solutions take into account changes of axial
wave number induced by convection and refraction in the presence
of nonuniform mean � ow. They feature the expected patterns de-
scribing downstream and upstream propagation as well as acoustic
intensity distribution through the duct. They were thoroughly stud-
ied by Munger and Gladwell6 and by Hersch and Catton,7 among
many others. However, these studies rely on restrictive assump-
tions and cannot predict the temporal evolution of an initial dis-
turbance towards a modal form. Source radiation and refraction
effects on oblique wave generation cannot be treated in this frame-
work. More recently, Wang and Kassoy5 proposed new analytical
developments and interpretations taking into account transient re-
sponses and resonant conditions.Perturbationprocedureswere car-
ried out for solving initial boundary-valueproblems and describing
processes associatedwith acoustic generationand propagation.Us-
ing direct numerical simulation (DNS) (with the full Navier–Stokes
equations), Mu and Mahalingam8 provided original numerical so-
lutions in agreement with experimental predictions and theoretical
developments.

In this paper, we con� rm these results by using another approach
relying on the computation of LEE. After a brief formulation of the
problem and a description of numerical methods and test cases, we
discuss results of calculations by using qualitative and quantitative
comparisonsof numerical and analytical solutions.

II. Problem Formulation
A. Model Problem

We solve the LEE associated with a known subsonic mean � ow,
at high Reynolds number, which ensures that viscosity effects can
be neglected. The system to be solved can be written as follows9:

@p 0

@t
+ (u0 ¢ r ) p 0 + (u 0 ¢ r ) p0 + c p0( r ¢ u 0 ) + c p 0 ( r ¢ u0) = 0

(2)
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whereu 0 , p 0 aredimensionalquantitiesdescribing� owdisturbances.
Su and Sv correspond to acoustic source terms associated with � ow
turbulence.These terms are not includedhere as we focus our atten-
tiononwavepropagation.Meanpressureandvelocityaredesignated
as p0, u0, and v0 . To deal with propagation in sheared ducted � ows,
we considera two-dimensionalgeometry (Fig. 1), assuming that the
mean velocity pro� le is parallel, taking v0 =0 and u0(x , y) =U (y)
with

U (y) = 4M0 y(1 ¡ y)

The reduced spatial coordinate y is de� ned by y = y 0 /d , where d
is the duct width. The duct aspect ratio is de� ned by a =d / L; in

Fig. 1 Mean � ow pro� le U(y). Inlet disturbances are imposed in sec-
tion x = 0, and nonre� ecting conditions in section x = L.

what follows,we take M0 =0.08 and a =5. Duct walls are perfectly
rigid, whereas nonre� ecting conditions and arti� cial damping are
imposed at the outlet to avoid spurious re� ections and simulate
in� nite duct length. It is interesting to compare the frequency f
of monochromatic disturbances imposed at the inlet to the cutoff
frequencies of the duct without mean � ow: f c

m =mc/ 2d . The mth
mode is propagative if f > f c

m . When the Mach number M0 is not
too large, this condition will be approximately satis� ed. To allow
comparisons with previous work, we use the reduced angular fre-
quency X = x 0 d / c, which may be related to f and to the � rst mode
cutoff frequency by X = p f / f c

1 .

B. Numerical Methods
The solution of the problem may be obtained by integrating a

system of equations that can be cast in the compact form:

@W
@t

+ A ¢
@W
@X

+ B ¢ W + C = 0 (4)

with W =[p 0 , u 0 , v 0 ]t and matrices A, B, and C easily deduced from
Eqs. (2) and (3). Two general classes of numerical schemes may be
used to deal with this system:

1) The � rst class relies on a weak formulationof linear equations.
The key point of this method is that, in contrast with classical � nite
elementmethods,test functionsare time dependentandevolvealong
the characteristic paths. Using splitting techniques, equations are
solved in each directionof propagation.One-dimensionalproblems
are then treated in space and time. This approach was implemented
a few years ago at Electricité de France (EDF), and applications
to aeroacoustic problems were thoroughly discussed by Esposito10

andBécharaet al.1 The methodfeaturesreducedlevelsof dissipation
and dispersion. It requires, however, relatively large computational
resources for the treatment of three-dimensionalcon� gurations.

2) Other numerical schemes were developed and have become
standard in CAA. They are based on � nite difference dispersion
relation preserving schemes (DRP) devised by Tam and Webb.11

We use in this study one such sixth-order scheme associated with
a fourth-order Runge–Kutta temporal procedure. A strong charac-
teristic method with three-point stencil is used for the treatment of
boundaries, and an absorbing domain is introduced together with
nonre� ecting out� ow conditions. The Courant–Friedrichs–Lewy
(CFL) criterion must be satis� ed to obtain a proper solution, and
at least seven grid points are needed per wavelength.

Both schemes are now implemented in the Eole code developed
by EDF. Results of both methods are in excellent agreement.

C. Nature of Inlet Disturbances
We studythepropagationofmonochromaticdisturbancesthrough

mean ducted � ows to exhibit acoustic/� ow interactions.The nature
of inlet disturbances is chosen to show as clearly as possible con-
vection, refraction, and source effects on propagation.To check our
results, we use a comparison with analytical solutions of Wang and
Kassoy5 and with resultsof DNS obtainedby Mu and Mahalingam.8

Two kinds of harmonic disturbances are introduced (Fig. 2):
1) In the � rst case we impose a nonplane source to exhibit gen-

eration of oblique waves induced simultaneously by sources and
refraction. The plane and the � rst transverse acoustic modes of the
duct without � ow are introduced with the same magnitude orders.
Inlet conditions are given by

u 0 (y, t ) =²U (y) sin( p y) sin(t ) with U (y) =4M0 y(1 ¡ y)

(5)
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where ² is the disturbance magnitude and t a reduced time de� ned
by t =t 0 x 0 . This perturbation is somewhat arti� cial, but this input
incorporatingthe shear-layerpro� le allows direct comparisonof our
results with those of Mu and Mahalingam.8

2) In the second case we impose the plane mode alone to empha-
size refraction effects. Inlet conditions are then speci� ed as

u 0 (y, t ) = ²M0 sin(t ) (6)

We note A(y) as the disturbancemagnitude, y dependentin the � rst
case,uniform in the secondone. Using both inletconditions,our aim
is to studymean sheareffectsonpropagation,which implies an iden-
ti� cation of acoustic propagatingmodes. Hence, to interpretour re-
sults,we decomposethe numericalacousticpressure p 0 into its main
components, the plane mode pa and the � rst transverse modes pb:

p 0 = pa + pb + o( pb)

These components are obtained numerically after Fourier transfor-
mation and spatial � ltering. This allows direct comparisons with
analytical expressions given by Wang and Kassoy in Ref. 5. Their
theoretical solutions are built as follows. Linearized hyperbolic
equations are written in a strained system of coordinates:

x̄ =
x

1 + MŨ0

with Ũ0 =
Z 1

0

U (y) dy

The system is solved by means of a Laplace transformand provides
analytical expressions of � rst- and second-order acoustic pressures
designatedas p1 and p2 (Ref. 5). However, this method suffers from
a lack of generality because it relies on asymptotic appoaches. For
this reason only simpli� ed con� gurationscan be consideredanalyt-
ically:

1) When the inlet disturbance magnitude A is y dependent, as in
expression (5), the analytical treatment assumes that the mean � ow

Fig. 2 Nature of inlet disturbances: ——, two � rst modes, and - - - -,
plane mode.

Fig. 3 Components of acoustic � rst modes evaluated numerically (left) and analytically (right): full solution (top), plane mode pa (middle), and
nonplane mode pb (bottom) for X = 2, with two modes at the inlet.

is uniform. In this case expressions of p 0 , pa , and pb describe the
propagation of plane and nonplane modes introduced at the inlet.
However, the analytical solutionassumes that the � ow acts as a bulk
and includes only convectioneffects through the variable x̄ . Hence,
sourceeffectson generationof obliquewaves are taken into account,
but direct shear effects like refraction are not described.

2) In contrast, when A is constant, as in expression (6), the
mean � ow is not necessarily uniform, and p 0 may be written as
p 0 = pa + pb , with the following decomposition: pa = p1 + Mp2a

and pb = Mp2b + (Mp2b). The axial mode pa is decomposedinto
p1 describing convection effects on axial propagation and Mp2a

associated with refraction effects induced by mean shear on ax-
ial propagation. The higher-order term Mp2b is the superposition
of nonplane components of pressure. In this case the computation
of the second-orderpressure p2 = p2a + p2b includes refraction ef-
fects by shear on axial wave propagation. In the analytical solution,
second-orderphenomenasuch as refractioneffectsonobliquewaves
are excluded.

Using these formulations,we show next that numerical solutions
deduced from LEE and analytical results are in good agreement.
Small quantitative differences come from the fact that analytical
solutions cannot simultaneously take into account refraction and
source effects on oblique wave generation. Qualitative interpreta-
tions may be given to understand all mechanisms involved.

To check the results,we also use another comparison (not shown
here) with numerical calculationsof Mu and Mahalingam8 based on
DNS. Good agreement is foundexcept in the boundary-layerregion.
This comes from the fact that direct simulations are based on the
Navier–Stokes equations, and the corresponding acoustic velocity
� eld falls to zero near the wall. As our solutions are deduced from
linearized Euler equations, the acoustic velocity does not vanish
near the wall.

III. Numerical Results and Comments
Many con� gurations have been tested by selecting different pa-

rameters, Mach number, ducted mean � ow pro� le, frequency,mag-
nitude, and nature of inlet disturbances. We here show results ob-
tained for three different frequencies situated next and above the
� rst cutoff frequency of the duct and near the second cutoff fre-
quency. For the reduced frequency we successively take X =2, 8,
and 2 p . In each case solutions are evaluated numerically and an-
alytically. Acoustic pressure time history, spatial distribution, and
spectralcontributionsdeducedfromspatial spectral � lteringare dis-
played in selected cases.

A. Below the First Cutoff Frequency
For a reduced frequency X =2 below the � rst cutoff frequency

f c
1 of the duct without � ow, the plane mode is dominant. Figure 3
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displaysa modal distributionof acousticpressurecomponentswhen
the � rst two modes are excited at the inlet. Acoustic waves are
nearly axial, and the � rst transversemode pb computed analytically
decreases quickly and becomes negligible at a suf� cient distance
from the inlet. In this case the analytical solution describes axial
wave propagationbutdoes not includerefractioneffects. In contrast,
the numerical solution features the second-order mode caused by
refraction of axial waves, and this mode is still present at a distance
from the inlet.

When the plane mode is introduced alone at the inlet for this
frequency, the plane mode pa propagates through the duct without
distorsion. Numerical and analytical solutions are in good agree-
ment as shown by the time records of pressure (Fig. 4). As already
mentioned, the analytical formulation used in this case takes simul-
taneously into account propagationof the plane mode introducedat
the inlet and small refraction effects induced by shear. Hence, the
analytical solution describes the same processes as the numerical
one, except for second-order interactions, that is to say, refraction
of oblique waves. According to these results, these processes may
be neglected at this frequency.

Fig.4 Acoustic pressure time history evaluatednumerically(——)and
analytically (- - - -) at centerline for X = 2 and at x = ¸ with the plane
mode at the inlet.

Fig. 5 Time history of pressure p 0 evaluated numerically (left) and analytically (right) at centerline (- - - -) and at wall (——) for X = 8 and at x = ¸
with two modes at the inlet.

Fig. 6 Components of acoustic � rst modes evaluated numerically (left) and analytically (right): full solution (top), plane mode pa (middle), and
nonplane mode pb (bottom) for X = 8 with two modes at the inlet.

B. Above the First Cutoff Frequency
For X =8, just above the � rst cutoff frequency corresponding to

the tranverse mode m =2, oblique waves can propagate. With two
modes at the inlet, the following processes take place: 1) oblique
wave generation by refraction of downstream propagating waves
caused by mean shear and 2) oblique wave generation caused by
the structure imposed at the in� ow. Figure 5 exhibits time histories
of total acoustic pressure evaluated numerically and analytically at
the wall and at centerline in section x = k . This may be compared
to Fig. 5 of Mu and Mahalingam.8 In both results pressure histories
differ at the wall and at the centerlineindicatingthat the secondtran-
verse mode develops. Modal distributions of pressure components
p 0 , pa , and pb are given in the spatial domain (Fig. 6) and along
the centerline (Fig. 7). One can deduce the following qualitative in-
formations about mode patterns. The plane mode pa is not affected
by refraction, and its magnitude is of the same order as in the case
X =2, whereas the second-orderpressure pb supports all refraction
effects and is of the same order as the plane mode in contrast with
the case X =2. Here, the � rst two modes introduced at the inlet
propagatedownstreamwithout attenuation.Whereas numericaland
analytical plane modes are strictly similar, second-order pressures
differ when the distance of propagation is greater than one wave-
length. As refraction by shear is the only process neglected by the
analytical computation of pb , one may conclude that refraction by
shear induces oblique wave generation.

Turning now to the downstream propagation of the plane mode
introduced alone at the inlet for X =8, one observes new patterns.
Time histories of acoustic pressure and of its main components are
given in Fig. 8. Like in the case X =2, the planemode is not affected
by refraction, which appears only in the second-orderpressure pb .
However, the magnitude of pb is smaller than in the preceding case
with two modes at the inlet. If one compares the results obtained for
differentvaluesof theMachnumberon thecenterline,onecannotice
that pb has a magnitude of order (M) as expected by analytical
developments of Wang and Kassoy.5
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Fig. 7 Spatial propagation of pressures p 0 (——), pa ( ¢ ¢ ¢ ¢ ), and pb (- - - -) evaluated numerically (left) and analytically (right) for X = 8 at centerline
with two modes at the inlet.

Fig. 8 Time history of pressures p 0 (——), pa ( ¢ ¢ ¢ ¢ ), and pb (- - - -) evaluated numerically (left) and analytically (right) for X = 8 at x = ¸ with plane
mode at the inlet.

Fig. 9 Time history of pressure p 0 evaluated numerically (left) and analytically (right) at centerline (- - - -) and at wall (——) for X = 2¼ and at x = ¸
with two modes at the inlet.

Fig. 10 Components of acoustic � rst modes evaluated numerically (left) and analytically (right): full solution (top), plane mode pa (middle), and
nonplane mode pb (bottom) for X = 2¼ with two modes at the inlet.

C. Near the Second Cutoff Frequency
The last case corresponds to the reduced frequency X =2 p close

to the second cutoff frequency of the duct without � ow f c
2 corre-

sponding to the second tranverse mode m =2. Figure 9 displays the
time history of pressure evaluated numerically and analytically in
section x = k ; modal distributions are given in Fig. 10. The plane
mode does not feature a resonant behavior, whereas the second-
order pressure pb is nearly resonant.The magnitudeof pb at a given

location is modulated in time indicating that energy transfers oc-
cur from the boundary layer toward the duct center and conversely.
These processes can be explained by interactions between axial
waves and nearly transverse modes that are excited at resonant fre-
quencies. Like in the case X =8, the two modes introduced at the
inlet propagate without attenuation.

In the case of plane mode excitation for X =2 p , the plane mode
propagates without distorsion, whereas the second-order mode pb
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Fig. 11 Time history of pressure pb evaluated numerically (left) and analytically (right) with M = 0:08 for X = 2¼ at x = ¸ at centerline (- - - -) and at
wall (——) with the plane mode at the inlet.

Fig. 12 Time history of pressure pb evaluated numerically (left) and analytically (right) with M = 0:12 for X = 2¼ at x = ¸ at centerline (- - - -) and at
wall (——) with the plane mode at the inlet.

is nearly resonant. As expected in this case, the magnitude of pb is
much smaller than that of p and pa . If one compares the results for
differentMach number values (Fig. 11 for M =0.08 and Fig. 12 for
M =0.12), one � nds that numerical and analytical solutions are in
good agreementover a long period. However, for M =0.12 a differ-
ence arises beyond t » 70. According to Wang and Kassoy,5 under
resonant conditions pb is of magnitude of order (M ) until t is of
order of (M ¡ 2). For large times the theoreticalsolution is invalid.
Hence, numerical results are in good agreement with theoretical
solutions, at least until the theoretical solution breaks down.

IV. Conclusions
The wave operator associated with LEE can be used to describe

the propagation of acoustic disturbances through sheared ducted
� ows.Resultsare in goodagreementwith analyticaltheoriesand nu-
merical solutionsdeducedfrom direct simulation.The LEE suitably
describe mean shear effects on the distributionof acoustic intensity
in ducts. Other calculations not shown here indicate that opposite
effects of convection and refraction on downstream and upstream
propagatingwaves are well calculated.Refraction effects on propa-
gationandobliquewavegenerationare included.Effectsof initial in-
let distribution,frequency,and magnitudeon transversemodegener-
ation are displayed throughmodal decompositions.Transitions that
may occur between propagating modes at resonant frequencies are
well observed.Except for the acousticboundary layer that is not in-
cluded in our inviscidtreatmentand has to be explicitelyintroduced,
all processesassociatedwith acousticpropagationarewell modeled.

This study provides a validation of acoustic � elds computed in
con� ned con� gurations. This is a � rst step in the analysis of cou-
pling occuring between � ows and waves originating from embed-
ded noise sources. Acoustic-� ow interactions may be signi� cant as
some vortical convective structures are supported by LEE and can
develop or act on acoustic propagation when the velocity pro� le is
unstable. Such cases will be developed in further studies related to
noise generation by turbulence and relying on stochastic synthesis
of acoustic source terms.
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